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Abstract: 
To increase the working temperature of solar energy systems two-sided 
collectors together with appropriate reflectors are used. In this paper, 
we investigate the efficiency of various reflector shapes and try to 
optimize them under several criteria. The results indicate that with 
cheap and simply to manufacture reflectors good energy gains can be 
expected. 
Zusammenfassung: 
Zweiseitige Kollektoren mit geeigneten Spiegeln können dazu dienen, die 
Arbeitstemperatur von Solarenergiesystemen zu erhöhen. Wir untersuchen 
in dieser Arbeit die Wirksamkeit mehrerer Reflektorformen und versuchen, 
diese unter verschiedenen Kriterien zu optimieren. Die Ergebnisse zei-
gen, daß billige und leicht zu fertigende Reflektoren gute Leistungs-
gewinne erwarten lassen. 
1 
Introduction 
Current efforts to further improve solar collectors have two main goals: 
Increase of working temperature and decrease of specific cost. Progress in 
both directions seems possible through adequate use of mirror boosters, 
which have been proposed years ago (/1/ ,/2/ ,/3/). 
lt was the purpose of this investigation, not only to consider selected 
cases of using such reflectors as had been done before but to develop a 
mathematical method which gives the possibility to find optimal reflector 
forms and positions for all types of solar energy use over the daily and 
yearly solar cycle. 
The paper deals in its first part whith the intrinsic possibilities and 
limitations of "ideal" reflectors, in the second with the efficiency of a 
reflector as a function of its form and its position with respect to the 
collector. By parametric studies using the Monte Carlo and subsequently 
the gradient method, optimal parameter areas can be identified for diffe-
rent solar energy systems. 
2 
1. GENERAL CONSIDERATIONS 
The purpose of the investigation is to detennine a reflector which brings 
as much additional sun light as possible to the under side of the collector. 
Nevertheless, for construction r~asons some limi.tations are necessary •. As 
the collector as well as the reflector must be easily accessible for main-
tenance and cleaning, the distance between collector and ground is approxi-
ately 1 meter. Since an installation for gaining solar energy generally 
will consist of several collectors to be located in not too far distance 
from each other, the horizontal dimension of the reflector will be limited· 
too. The typical arrangement is shown in Fig. 1. 
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Fig. 1 
In order to compare the different reflector shapes it is necessary to find 
a measure for the quality of a reflector. 
3 
To this purpose, we first assume that the longer side of the collector is 
in north-south direction and that the plane e of the ecliptic is perpen-
dicular to the collector. 
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As is well known, the power of solar radiation on a surface normal to the 
direction of the radiation is about 1.35 kW/m2. This means that the power 
received at the surface is proportional to the normal cross section of the 
corresponding ray bundle. 
For the arrangement of Fig. 2 the considerations are simplified, because 
(Fig. 3) the power is only proportional to the width of the ray bundle; 
the length of the collector (or reflector) affects only the factor of pro-
portionality. 
L 
l l, I 
,.-.· . /: I 
/ lt/ / .'/ '/ / 
/ /(/ .·(::;/; / 
/;~::/'/l,i~~ / ,/ 
'J+ I :/;/ / 
.. ,,. '/ / 
;l /'' .. ,.. .„ i.. / 
/ 
/ 
A· 
/ I 11 . · 1. /. . ..... 1 . ,.. 
' / , // . '. ! / / ' '., 
.,,,/ ~!.,/. „. _11 "-, 
Fig. 3 
, /.' ·. '/ / .. / '·/ ............. 
......., '.J.i· ,./ . . //; 
1 r.i_ /> 
I .·· // ~·! 
: 11:'. :17; 
4 
Therefore, the power on the collector ist proportional to the length T4T5 
and on the reflector to r1r4 + r5r8 . But of the last value only apart 1s 
reflected to the under s1de of the collector. Cons1der1ng only rays wh1ch 
meet the collector after one reflect1on (i.e. neglecting multiple re-
fl ection), only the port1ons r2 T 3 (of r1T4) and T 6 T7 (of T 5 T8) hit the 
collector on the under s1de. Cons1der1ng also multiple reflections, the 
total power would be proportional to T4T5 + k (T2T3 + T6T7)+ k
2 ( · · .) 
+ k3 ( •.• ) + ••• , k with O < k < 1 be1ng the factor of reflection; here the 
powers of k higher than one correspond to the multiple reflections. There-
for the calculations which consider only the first reflection give a lower 
11m1t for the total power. 
Now we return to our original question and define measures for the quality 
of the reflector. 
One reasonable possibility is to·choose the ratio of the power Ir' 
(lr""'T2TJ+TST7), reflected on the collector by the reflector, to the total 
power Ie ( Ierv T 1T4+ T 5 T8} fall ing on the refl ector, as "efficiency" y of 
the refl ector. 
I 
The possible values of the quantity ~ are between 0 and 1; an optimum 
e 
reflector (y = l} would reflect all incoming sun-rays to the under side of 
the collector. Another reasonable measure of quality is the quotient of 
the power reflected by the reflector to the under side of the collector 
and of the power directly falling on the upper surface of the collector, 
y 1 may assume values larger than 1 for sufficiently larqe reflectors. 
Of course, the quantities y and y 1 depend primarily an the angle of inci-
dence of the sun rays, i.e. on the time of day. 
But we carry out our investigations for a fixed reflector, i.e. we will 
estimate its quality for all angles from a certain range (K1, w-K1), 
not only for one angle of incfdence. 
Let K be the angle of incidence; then y = Y(K) is a function of K, synmetric 
with respect to K = I' and the mean 
5 
1 
can serve as a measure for the global estimation of the quality. Moreover, 
we calculate the quantity 
= , 
AB. cos Kl 
and optimize the reflector with respect to y or yl • 
Up to now, we have assumed that the plane e of the eclipt1c is nonnal to 
the plane of the collector. But th1s 1s only an except1onal case, more 
real1st1c is the situat1on of F1g. 4. 
e 
Fig. 4 
For the moment we assume a collector of infinite length. In this case 
(Fig. 5) we see that a ray is reflected to the collector if and only if 
this is true for its vertical projection. Therefore, we can calculate y 
for the vertical projection of the rays as in Fig. 3, and take it as a 
significant measure for the quality of the reflector. Moreover, we can 
6 
prove that this quantity y (for the projection) is again a quotient of the 
reflected power Ir to the received power Ie. Whereas Ir and Ie become in-
finite for a collector of infinite length, their quotient has a finite 
value. 
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For a collector of finite length we loose a portion of Ir (Fig. 6) on the 
ends. Great angles w and a short collector cause greater losses. 
We sunrnarize our results: For the estimation of the quality of a reflector 
it suffices to confine oneself to the normal plane of the ecliptic and to 
calculate y for this plane. y represents the useful reflected portion of 
the power hitting the reflector; this is exact for w = 0 and approximately 
for w = O; the approximation is the better the smaller is w and the longer 
is the collector. 
2. THE IDEAL REFLECTOR 
In the following we investigate which theoretical limitations exist 
for the efficiency of a reflector, if the space limitations explained 
above (height over ground, horizontal distance to next reflector-collector 
system) are considered as given. We will prove that only rays from a 
certain range of angles of incidence will be completely reflected on the 
under side of the collector. The notations are the same as in Fig. 7. 
/\ 
Fig. 7 
8 
Looking from any point M of the reflector, the collector will appear under 
the viewing angle BMA. This means that only rays reflected into this angle 
will hit the collector. Which of the incident rays these are, depends on 
two quantities: the angle of incidence µ and the direction ~ of the tangent 
at M to the reflector. If one of these two quantities is chosen, the other 
one is determined by the requirement that the whole under side of the co·l-
lector has to be illuminated. From elementary geometry (peripherical angle 
subtending the chord) we deduce that for all points on a circle (m) the 
viewing angle and therefore the angle of incidence is of equal size. Con-
sidering the space limitations in horizontal direction (Fig.8), the 
equation 
AB 
2 ~RB·RA 
for the maximum possible viewing angle w1 at the boundary follows from the 
condition that the above mentioned circle of constant viewing angle is 
tangent to the lateral borderline. The point of contact is generally lo-
cated too low (Fig. 8). 
Therefore a smaller value w has to be established, which is detennined from 
(Fig. 9) 
tan w AB•RT = 
RT2+RB·RA 
with the boundary point T of the reflector being fixed. 
To choose this point suitably the following table is useful, where for 
values of UR' and 1lT the maximum angle w is noted respectively. 
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YRIXRI 2.0 2. 1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0 3. 1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 
-----------------------------------------------------------------------------------------------------------1.0 1 26.6 24.4 22.5 20.7 19.1 17.7 16.5 15.3 14.3 13.4 12.5 11.8 11.1 10.4 9.8 9.3 8.8 8.3 7.9 7.5 
1.1 ' 27.6 25.5 23.5 21.8 20.2 18.8 17.5 16.3 15.3 14.3 13.4 12.6 11.9 11.2 10.6 10.0 9.5 9.0 8.5 8. 1 
1.2 1 28.4 26.3 24.4 22.7 21.2 19.7 18.4 17.2 16.2 15.2 14.3 13.4 12.7 12.0 11.3 10.7 10.2 9.6 9.2 8.7 
t.3 29.0 27.0 25.2 23.5 22.0 20.5 19.2 18.0 17.0 15.9 15.0 14.2 13.4 12.7 12.0 11.4 10.8 10.2 9.8 9.3 
t.4 29.4 27.5 25.8 24.1 22.6 21.2 19.9 18.7 17.7 16.6 15.7 14.8 14.0 13.3 12.6 12.0 11.4 10.8 10.3 9.8 
t.5 29.7 27.9 26.2 24.6 23.2 21.8 20.5 19.4 18.3 17.3 16.3 15.4 14.6 13.9 13.2 12.5 11.9 11.4 10.8 10.3 
t.6 29.9 28.2 26.6 25.0 23.6 22.3 21.0 19.9 18.8 17.8 16.9 16.0 15.2 14.4 13.7 13.0 12.4 11.9 11.3 10.8 
t. 7 3o.o 20.4 26.0 25.3 24.o 22.1 21.5 20.3 19.3 10.3 11.3 16.5 15.7 14.9 14.2 13.5 12.9 12.3 11.8 11.2 
t.8 3o.o 20.4 21.0 25.6 24.2 23.o 21.0 20.1 19.7 10.1 11.0 16.9 16.1 15.3 14.6 14.o 13.3 12.7 12.2 11.1 
t.9 29.9 28.4 27.0 25.7 24.4 23.2 22.1 21.0 20.0 19.0 18.1 17.3 16.5 15.7 15.0 14.3 13.7 13.l 12.6 12.0 
2.0 29.7 28.4 27.0 25.8 24.5 23.4 22.3 21.2 20.3 19.3 18.4 17.6 16.8 16.l 15.4 14.7 14.l 13.5 12.9 12.4 
2. 1 29.5 28.2 27.0 25.8 24.6 23.5 22.4 21.4 20.5 19.6 18.7 17.9 17.l 16 4 15.7 15.0 14.4 13.8 13.2 12.7 
2.2 29.3 20.1 26.9 25.7 24.6 23.6 22.5 21.6 20.6 19.8 10.9 18.1 17.4 1e.6 15.9 15.3 14.7 14.l 13.5 13.o 
2.3 29.o 21.9 26.7 25.6 24.6 23.6 22.6 21.1 20.0 19.9 19.1 10.3 17.6 16.9 16.2 15.5 14.9 14.4 13.8 13.3 
2.4 28.7 27.6 26.6 25.5 24.5 23.6 22.6 21.7 20.9 20.0 19.2 18.5 17.7 17.l 16.4 15.8 15.2 14.6 14.0 13.5 
2.5 28.4 27.4 26.4 25.4 24.4 23.5 22.6 21.7 20.9 20.l 19.3 18.6 17.9 17.2 16.6 15.9 15.4 14.8 14.2 13.7 ,.... 
2.6 28.0 27.l 26.l 25.2 24.3 23.4 22.6 21.7 20.9 20.2 19.4 18.7 18.0 17.3 16.7 16.1 15.5 15.0 14.4 13.9. 0 
2.7 21.1 26.8 25.9 25.o 2•.1 23.3 22.5 21.1 20.9 20.2 19.5 10.0 10.1 11.4 16.0 16.2 15.7 15.1 14.s 14.1 
2.8 21.3 26.5 25.6 24.8 24.o 23.2 22.4 21.6 20.9 20.2 19.5 18.8 10.2 11.5 16.9 t6.3 15.0 15.3 14.7 14.3 
2.9 26.9 26.1 25.3 24.5 23.8 23.0 22.3 21.5 20.8 20.1 19.5 18.8 18.2 17.6 17.0 16.4 15.9 15.4 14.9 14.4 
3.0 26.6 25.8 25.0 24.3 23.6 22.8 22.l 21.4 20.7 20.1 19.4 18.8 18.2 17.6 17.l 16.5 16.0 15.5 15.0 14.5 
3. 1 26.2 25.5 24.7 24.o 23.3 22.6 22.0 21.3 20.1 20.0 19.4 18.8 18.2 11.6 11.1 16.6 16.o 15.5 15.1 14.6 
3.2 25.8 25.1 24.4 23.8 23.1 22.4 21.0 21.2 20.5 19.9 19.3 18.8 10.2 17.6 11.1 16.6 16.1 15.6 15.1 14.7 
3.3 25.4 24.8 24.l 23.5 22.9 22.2 21.6 21.0 20.4 19.8 19.3 18.7 18.2 17.6 1~.1 16.6 16.1 15.6 15.2 14.7 
3.4 25.0 24.4 23.8 23.2 22.6 22.0 21.4 20.9 20.3 19.7 19.2 18.6 18.1 17.~ 1 .1 16.6 16.1 15.7 15.2 14.B 
3.5 24.7 24.1 23.5 22.9 22.4 21.0 21.2 20.1 20.1 19.6 19.1 10.6 10.0 11.5 11.1 16.6 16.1 15.7 15.2 14.e 
3.6 24.3 23.7 23.2 22.1 22.1 21.6 21.0 20.5 20.0 19.5 19.o 10.5 lB.o 11.5 11.0 16.6 16.1 15.7 15.3.14.e 
3.7 23.9 23.4 22.9 22.4 21.9 21.3 20.0 20.3 19.e 19.3 10.0 10.4 11.9 11.4 11.0 16.5 15.1 15.7 15.3 14.9 
3.8 23.5 23.1 22.6 22.1 21.6 21.1 20.6 20.1 19.7 19.2 18.7 18.2 17.8 17.3 16.9 16.5 16.1 15.6 15.2 14.9 
3.9 23.2 22.7 22.3 21.8 21.3 20.9 20.4 19.9 19.5 19.0 18.6 18.1 17.7 17.3 16.B 16.4 16.0 15.6 15.2 14.8 
4.0 22.8 22.4 22.0 21.5 21.1 20.6 20.2 19.7 19.3 18.9 18.4 18.0 17.6 17.2 16.B 16.4 16.0 15.6 15.2 14.B 
The maximum w for the reflector with the boundary point as in Fig. 9 
1 1 
As has been stated above, the direction of the tangent T depends on the 
angle µ. µ now is kept constant and T is determined for every point by the 
requirement that the complete collector has to be illuminated from below. 
As T is the slope of the tangent at a point of the reflector, we get a 
differential equation for the shape of the reflector. Some 1engthy but 
elementary calculations will yield 
y' = 
A tan !- 1 
A + tan ! 
A = s + ~ l+si + ~ l+(s+ ~ l+s21)2 , 
Together with the fixed boundary point T, this is an initial value problem 
which can be integrated numerically. 
The calculation for the whole x-range is not reasonable since, beginning at 
a certain point (depending on µ), the collector shadows the reflector, i.e. 
not all rays which could be reflected to the under side of the collector 
will hit the reflector. 
Th.1s boundary po1nt G (F1q. 10) 1s determined by the cond1tion 
a-ß . 
w = 'IT-µ- 2 
As also w = a is valid, it follows: 21T-2µ+ß = 3a • 
For the coordinates x and y of this point the equations holds: 
y [cx2+y2-l)sin 2 µ - 2y cos 2 µ J = 
= (x-1) [~ (x-1)2+yi ~ (x+l)2+/' + (l-x2-/)cos 2 µ - 2y sin 2 µ J 
During the numerical integration, it is permanently tested whether this 
equation already is fulfilled. For µ = l the equation is simp11fied to 
\~ y = -lx-11 , fü 
The following consideration yields an angular range as large as possible to 
be reflected on the under side of the collector. 
0 
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1 3 
Retaining the mean angle of incidence µ constant, only part of the under 
side of the collector would be hit by the sun-rays. Therefore it is per-
mitted that the mean angle of incidence is not always the same for all 
ponts of the reflector beyond the boundary point. If the requirement is 
retained that the under side is completely covered by the rays and that 
the mean angle of incidence differs only as little as possible from µ, 
we get an actual range of incidence by reflecting the reflected range of 
angle in the line between the right end of the collector and the reflector 
point considered (Fig. 10). This line must be perpendicular to the reflector 
at every point. This implies that the reflector must consist of a circular 
arc beginning at the boundary point, the centre of which has to be the right 
hand end of the collector. The circle has the radius 
The next figures show solutions of the differential equation with the sub-
sequent circular arcs for different values of µ and different reflector 
boundary points. 
With respect to the 11 optimum 11 reflector the results up till now are only 
limiting values for practice. For usefulness it is much more important to 
investigate the efficiency y or y 1 as a function of the angle of incidence 
according to the above mentioned definition. For this purpose at first the 
limits of the angle range reflected upon the lower side of the collector 
have to be determined for every point (x,y) of the reflector. 
These limiting angles are denoted by r1(x) and r2(x). 
\~ 
\~ 
Fig. 11 
1 4 
In the circular part of-the reflector, r1(x) = w+ß-2a holds with 
tan a = ~:1 ' tan ß = 1-ill 
x and y satisfy the equation for the corresponding circle. 
After insertion we get the following equation 
. 2 2 2 . 
{ 2y(x -1)-~ l(x-1) -y ] r = max arctan - · 1 (x+l}[(x-1} -y2]+2y2(x-1} 0 J . 
For r2, simply, ~(x) = w-a is obtained. For the part of the reflector 
having the shape of the above determined curve, we obtain 
and expressed in x,y: 
tan(µ ± ~) = 
= r;=~-;y f(-~-~~;2~;·2-·+ (1-x2-y2) cos 2 µ + 2y sin 2 µ ,_ 
(x2+y2-1) sin 2 µ + 2y cos 2 µ 
In this way r 1 and r2 are determined for every point (x,y) of the reflector. 
To simplify the further considerations, a function K(X} is defined instead 
of the two functions, r 1 and r2 as follows: 
The curve of the reflector will be covered twice; at first from S to R then 
from R to G (Fig. 10). This total procedure will be parametrized by the 
parameter x, and K(X) will be defined by: 
a} K(x} = r 1(x), when x passes through the range from S to R 
(in this direction) 
b) in x = R, 
c) K(X) = r2(x), when x passes through the range from R to G. 
K(X) is a monoton increasing function of x. The value of K(X} at the point 
of discontinuity can be chosen freely. 
1 5 
The flux Ir' reflected by the reflector onto the collector, may now be 
determined as a function of K. Ir is proportional to the width E of the ray 
bundle, reflected by the reflector to the under side of the collector. For 
the case K = r1 and K = r2 respectively, one finds 
•(<}=min [iycos< - xsin< - y5 cos•I, lycos. - xsin. + sin <I }· 
In the case r1(R) ~ K ~ r2(R), i.e. at the point of discontinuity of K, 
one obtains 
E(K) = min l lyRcos K- xRsin K - Ys cos K 1 , jyRcos K - xRsin K + sin K 1 } ; 
K can be chosen freely in this case. 
The illustrations on pages 15 and 17 display the shape of the ideal reflec-
tor for µ = 90° and µ = 75°, xR = 3 and various values of yR. If we keep 
the distance ground-to-collector approximately equal to the length of the 
collector (= 2), we have to choose the boundary-point xR = 3, yR = -1.3 
for µ = 90°, and xR = 3, yR = -1.5 for µ = 75°. Accordingly, we extract 
from the table on page 9 the possible angle range, e.g. w = 15° (= 0.26 
rad) for xR = 3, yR = -1.3; this means that the reflector with the boun-
dary point xR = 3, yR = -1.3 reflects all rays from the range between 82.5° 
and 97.5° to the collector. However, in this case the reflected flux as a 
function of the angle of incidence decreases rapidly, as the illustrations 
on page 16 show. The curve on page 16 also depicts that for the range 
about w = 23.5° (= 0.41 rad) the intensity decreases from 4 to 2.8. 
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3. APPROXIMATE SOLUTION 
Now we choose a different point of view. We begin with a known reflector 
and determine the efficiency for a given angle of incidence K. For the 
reflector some limitations are set: it consists of two convex parts symme-
trical to each other, each consisting of line segments and circular arcs • 
....__ --- ~ - .... „ ............. „ ...... _ 
------·-
ß A 
/ 
3.1 Description of the reflector 
For a reasonable representation of the reflector curve a parameter t is 
chosen which for both parts passes from 0 to ts, respectively. The curve is 
described by xR = xR(t) for the right hand ·part and xL = xL(t) for the left 
hand part. A line segment between the points A; and Ai+l is described by 
x = A;+(t-t;)(A;+1-A;), the parameter t passing from t = t; tot= ti+l 
A, 
"'t 1 
The data determing this line segment uniquely, are written as a vector with 
7 components (A;, Ai+l' t 1, ti+l' 1). The last component 1 is designating 
a line segment. 
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A circle segment with centre M and radius r is described by 
x = M+r(cos(t+-r), -sin(t+T)J, t passing again from t. to t.+l with the 
1 i . . J J mitat1on tj+l - tj < w/2. If the piece is longer, it will be represented 
by two pieces. 
M 
0------------------------~ 
t 
The parameters necessary for the description are again written as a vector: 
(M, r, T, tj' tj+l' 0). The seventh component 0 shows that we treat a 
circular arc. 
The entire left-hand and right-hand parts of the reflector, respectively, 
are described by as many vectors as there are line and circle segments. 
For both halves of the reflector these vectors are combined to matrices 
DR and DL, e.g. 
Al "2 
~ /"""""'"\ 
al,a2, b1,b21 tl' t2, 1 
DR = 
ml,~' r, t2. t3, 0 't' 
._,..., 
M 
................................ 
The shape of the reflector is completely described by the matrices DR and 
DL. Proceeding from this, for given angles of incidence K(O !. K !,~). the 
ranges of the reflector can be described which are illuminated and which 
are shadowed, respectively. 
2 2 
3.2 Illumination of Reflector 
7 
f 
1 
I 
From the sketch, it can be seen that the following intersections have to 
be determined: 
u(L) u(R). R ' R . Line through R with CR and CL 
u(L). II II s II CL s . 
u(L) u(R). II II A II CR and Cl A ' A ' 
u(L). 11 II B II CL B • 
lf Z is one of the points R,S,A,B, the line thr~ugh Z may be written with 
the parameter s as Z+s[cos i<:, sin i<:J. The intersection of this line with 
CR or CL has now to be determined as an intersection with one of the 
straight or curved pieces the reflector consists of. lf this piece is a 
line segment, the intersection t or x, respectively, is obtained by 
equating Z+s [ cos i<:, sin i<:] and A; + (t-t;) • {Ai+l - A;) 
--"- ~ (a1,a2) (b1,b2) 
For IKI ~ e with K = {b1-a1) sin K - (b2-a2) cos K one obtains 
t = t; + 1/K ( (a2-z2)cos K - (a1-z1)sin K] and x = A; + (E-t;HA;+CA;); 
I 
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e is a small positive number to be suitably chosen. t is limited to 
ti ~ t ~ ti+l . For IKI < e both straight lines have to be considered as 
parallel, i.e. there is no intersection point. 
If the considered part of the reflector is the arc of a circle, then 
Z+s [ cos K, sin K] and 
must intersect. One obtains 
For l~I ~ 1 there is no intersection. For 0 < ~ < 1 the following values 
are obtained 
and 
For -1 < ~ < 0 we obtain 
t 1 = 2ir-T-K + arcsin ~ and 
If both values t 1 and t 2 are between ti and ti+l' then t = max(tl't2) has 
tobe chosen. The intersection then is: x = M+r [ cos(t+T), - sin(t+·r}]. 
If all existing intersections are determined in this way, it has to be 
decided which part of the reflector is illuminated and which is shadowed. 
For this pupose a straight line is directed through the centre of the 
collector (origin) perpendicular to the direction of incidence of the rays. 
Anormal vector to this straight line is (sin K, -cos K), if K is the angle 
of incidence of the rays. The projection of the 11 boundary points 11 A,B,S,L,R 
on this straight line gives the points PA' PB, P5, PL' PR. The coordinates 
of these points on the straight line are called TA, TB, T5, TL' TR' For TR, 
for instance, one obtains (as scalar product) aR sin K - bR cos K, where 
(aR, bR) are the coordinates of R. If the larger of the values TA and TL is 
called TM, three cases may be discerned: 
1) Ts ~TM 
The reflector is hit by rays between u~R) and uiR) (if TL~ TA) or S 
(if TL > TA}' respectively. 
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In this case two parts of the reflector are illuminated: the first part 
between Sand u~R), the second between u~L) and L (if TL> TA) or uiL) 
(if TL~ TA), respectively. 
3) TR < Ts 
In this case the part between u~L) and L (if TL >TA) or uiL) (if TL~ TA), 
respectively, is illuminated. 
If TL < T8, there will be an additional illuminated part in all three 
cases, i.e. between Land u~L). 
B 
R 
According to these considerations also the total flux Id hitting the reflec-
tor has been determined as a function of K: 
2 5 
( TR-TM f or TL~ TB 
Id(K} i TR-TM+TB-TL f or TL < TB = 1 l 0 otherwise 
which is indeed the sum of the widths of the incident ray bundles. 
3.3 Reflection at the Line Segment 
Now, we have to determine which part of the rays hitting the reflector 
will be reflected to the under side of the collector. The necessary calcu-
lations have to be carried out separately for each. section of the reflector. 
At first we consider the case of the line segment. Instead of examining the 
reflection at the straight line, it is as well possible to reflect the col-
lector at the imaginary extension of the line segment and to check which 
rays (without reflection) meet this reflected collector. 
The head and the end of the reflected collector are determined from the 
following transformation 
A' = m A + v 
B' = m B + v 
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where m is a 2x2 matrix with the elements 
and v is the vector 
To find the illuminated parts of the reflected collector the same procedure 
as before i s used. The segment MN of the refl ector i s assumed to be 'i 11 u-
mi nated between the points M' and N'. A straight line is drawn through O 
perpendicular to the direction of the incident rays; the direction of this 
line iS n = (sin K, -COS K). 
N 
The points A', 81 , M', N' are projected onto this straight line in the 
direction of incidence; the projections are scalar products, e.g. 
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-TA' = A' • n 
where TA' is the coordinate on the straight line .. Now, only·the relative 
positions of these points T on the straight line have to be discussed. 
Different cases have to be considered: 
No ray hits the collector. 
If moreover TM' ~ T8, or TA' ~ TN', no ray hits the collector. 
Otherwise the section between maximum (TN'' T8,) and minimum (TM'' TA,) is 
illuminated. 
The flux is proportional to the width of the respective ray bundle, i.e. 
lmin(TM'' TA,) - max{TN'' Ta,)1 
3.4 Reflection at the Circular Are 
Equivalent investigations have to be carried out for the case of the circu-
lar arc. lf the light comes from a definite direction to a circular arc, 
all reflected rays are tangents of a specific curve: the envelope curve 
or caustic. 
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We confine ourselves to the rays of region D; therefore we need only to 
consider the segment c of the caustic. Now the tangent from any point X 
to c has to be found. The main task of all considerations is to find a 
reliable and fast procedure for this purpose which will finally decide 
about the usefulness of the computer program. Difficulties arise mainly 
from the fact ·that, depending on the position of X, either none, one or two 
tangents or one double tangent to segment c of the caustic may exist and it 
has tobe decided upon,which can be used. i.e. which intersects the circle 
within the region D. 
We choose the centre of the circle as origin. A point on the periphery is 
characterized as T =(r cos t, -r sin t) with parameter t. 
0 The ray hitting in T will be reflected 
in the direction of the straight line 
-r:ysin2t-xcos2t+rcost=O (*) 
-----
The equation of the caustic (to which -r is a tangent) is 
x = r cos3t 
y = r(sin3t - ~ sin t) or, after eliminating t, 
y = -r G + (~)2/3J ~ 1-(~) ~ 
A point X is assumed and the tangent from X to the caustic has to be found. 
0 
The coordinates of X are: 
(p cos w, -p sin w). (**) 
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For the intersection of the tangent with the circle we obtain from (•) and 
(**) the equation 
-p sin w sin 2t - p cos w cos 2t + r cos t = 0 
and, respectively, 
p cos(2t-w) = r cos t 
If we insert x = cos t, we find 
p cos w(2x2-1) + 2p sin w.x ~ 1-x2 = rx . 
In order to find the 11 correct 11 solution of the equation, different ranges 
of w will be distinguished: 
'Ir 3'11" 1) "2' < w < 2 
In this case further distinctions are made for different orders of magni-
tude of P. For p = =, p = 0 and p = r the solution can be given directly. 
In the neighbourhood of this solution the equation will be expanded in a 
small parameter. From only a few terms of the expansion the solution can 
be calculated. For the first case(p > r), we write the equation as follows: 
cos(2t-w) = .!. cos t . p 
For p -+- = (Fig. 12) 
cos(2t-w) = 0 
and from this the solution results: 
For large values we use t = ~ - i + T and obtain the equation 
cos(- .Z + 2T) =; cos(~ - i + T) 
or 
2 sin T cos T = ~ cos(~ - i) cos T - sin(~ - i) sin T • 
With the abbreviations sin T = x, cos T = i 1-x2, 
~ = e, cos(~ - i) = a and sin(~ - i) = b, this results in 
~ 1-x2 (2x-ea) = -ebx . 
3 0 
Fig. 12 
If x is expanded with the small parameter E, 
a . 2 X= 'Z E(l+a1E+a2E + ... ) 
after isertion and comparison of the respective coefficients one finds 
In the second case one obtains from ~ cos(2t-w) = cos t (P<< r) for P ~ 0 
the solution t =; . From the equation t = I - T and analogous considera-
tions as above one obtains with a = cos w, b = sin w, E = ~ : 
The third case (p~) yields for p = r the equation cos(2t-w) =cos t and, 
hence, the solution t = ~· From the equation t = ~ + T follows 
.!"a r 3a22 9 4 2 
T = arcsml-"3b(e-l) Ll -(z('3D) +"!)(E-1) + (-z($} +j.($) +~) (e-l)2 + ••• 7 ~ 
... ' 
..., 
with 
a = cos J b = sin J 
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e: = E. 
r 
Consequently, there is always one tangent in this range of w. 
2) 0 < w < -2-
Here three cases are possible: no tangent, two tangents, one double tangent. 
We speak of a double tangent if, in case that the point X is approaching the 
caustic, two tangents coincide. 
1 
1 
~ 
i . 
0 
At first, the intersection of the ray through the centre with angle w to 
the horizontal with the caustic is detennined. The result is an equation 
of third degree tobe solved by means of the formula of Cardani. 
With 
X = 
it follows 
~( j. sin w + #j sin3w) 
~ ... u,,. W 
for 0 ~ w ~ 0,01 
1 ( ~l+sin w - ~1-sin w } for 0,01 < w < ! ~cos w 
-( ) _ r ~+X pw -"2" ~l+x 
and f or the tangent parameter 
t 0 = arctan x 
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The first expression for x is used to avoid the cancellation in the exact 
second formula for small values of w. 
By p different ranges and cases can be distinguished. 
a) Fora point X with p < p(w), there is no tangent to the caustic. 
b) For p ~ p ~~, we are 11 near the double tangent 11 (Fig. 13). 
The two conditions are valid: 
p cos(2t0-w) = r cos t 0 
2p sin(2t0-w) = r sin t 0 . 
Fig. 13 
If we write t 0 = t 0 + T, we obtain the equation ~or determining t0 and T, 
respectively: 
O = p cos(2t0 -w) - r cos t 0 = [ (p-p)+p ]cos(2t0+2T-w) - r cos(t0+T) 
or, using (*) 
o = [ (p-p)+p)(cos 2T cos(2t0-w) - sin 2T sin(2t0-w)) - r(cos t0 cos T- sin t 0 sin T) = 
= [ (p-p)+p] (~ cos 2T cos t 0 - !p sin 2T sin t 0) - r(cos t 0 cos T- sin t 0 sin T) 
sin T and cos T are now expanded in T. If the expansion is tenninated after 
3 terms, one obtains a quadratic equation for T. The solution for the right 
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hand tangent RT is 
lr-:~ P-P sin t 0 + f(P-i5)~-i~tt0+2(4p-p )cos2t 0 -, 
" to - 1 p-p _ for o ~ w ~; - O ,2 
toR = l: (4p-p)cos to 
. r rr rr 
arcs in 2P for "Z - O ,2 ~ w ~ "2' 
and for the left-hand tangent LT 
,r-~iJP-P sint0 - '(P-P)sin2t0+2(4P-P);~~2~~-} ~p-p -(4P-P)cos t 0 t . r rr t OL = m1 n ( °2"' D -
P+r 1+2 COS w • c) In the range 2 ~ P ~ min(k•r, 3 cos 00 r), t 0 for the r1ght-hand 
tangent is given by 
w • { a r (3 a 2 2)< J} t0 = "Z + arcsrn - 10(e:-l) L 1 - "Z (10) +"! (e:-1) + . . • , 
(1) 
a = cos j b . (1) = srn "! , e: = E.. r 
For accuracy reasons k has been chosen as 1.4 in this case. For the 
left-hand tangent the values are k = 1.5 and t 0 = w. 
d) For points X with p ~ min(l.4 r, 1j2c~~sw) obviously t 0 = 0 results for 
the right-hand tangent. We obtain, correspondingly, for the left-hand 
tangent in the range 1.5 r ~ p ~eo! w 
r 
' 
' e: = -p 
For the p-values in the remaining ranges, the determination of tangents is 
not necessary since the tangents will not appear because of the possible 
reasonable location of collector and reflector. 
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The values t and T determined up till now are not the exact intersection 
0 
points between the tangents and the circle but are only first guesses for 
a Newton-method to be applied to the original equations. 
3.5 Tangent Regions 
Let t 1 and t 2 be two parameter values corresponding to points of the circle. 
The corresponding tangents to the caustic are given by 
T· = y sin 2 t. - x cos 2 t. + r cos t. = 0 . l l l l 
By these tangents and their point of contact with the caustic five regions 
are determined: 
1) Tl~ Q and T2 ~ Q 
2) Tl > Q and 1"2 > Q and 
3 
r COS t 2 ~ X ~ r cos
3t 1 
,..- 2 1 r-·--·-··-·2--
and y~r 1 1 + {~) /3 1 ~ 1-{~) /3 i "2" r - : 
L . 
3) Tl > Q and 1"2 > 0 without the constraints of 2) with respect to 
x and y; 
4) Tl ~ Q and 1"2 > 0 
5) "l"l ~ 0 and 1"2 < Q . 
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In this way we are able to decide for any point of the plane in which of 
the five regions it is located. 
3.6 Tranformation 
As for the considerations concerning the circular arc we had left our ori-
ginal coordinate system (collector centre as origin} and had chosen the 
centre of the circle as origin, we have to carry out a suitable coordinate 
transformation depending on the angle of incidence of the rays. 
The transformation of coordinates is as follows: 
X 1 = X s in K - y cos K + [ -ml s in K + m2 cos K j 
y' = x cos K + y sin K + [ -m1 cos K - m2 sin K] 
By this the points A, Band Sand the initial and end points t 1, t2 of the 
illuminated arc are transformed. 
Fig. 14 
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In the cases I = 1, I = 2 (rays hit at the right side of A), it follows 
(Fig. 14): 
with the additional conditions 
t l - 'lf 1'f 2 -2 
t2 ti = T if 
t l 'lf 2 > "Z 
t' 
t' < 2 13 
For the case l = 3 (rays hit left of B), special considerations have to be 
carried out as the situation now is reversed. By reflecting the collector 
at the straight line in direction of the incident rays through the centre 
of the circle, this case is referred to the original one. 
! / 
,1 / ~ 
~A' . /,/ / /( /// 
1/ ?/) ~-C---:;/~~~r-=------.~ A 
,____,...--. 7;\ // 
/ ' / ~ \/ 
I / '-.. 
// ' 
' b
1 ~r ~- ~ --- \) 
--------
With this reflection A, B, and S are transformed to 
and the initial and end values of the parameter t are transformed as follows: 
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with the additional conditions 
t • - n 1'f t• n 2 - "2" ' 2 > "2" ' 
and t2 
t l 1 = T' 
Depending on the location of the point S,it is possible that once reflected 
rays do not meet the collector but hit again the reflector. This leads to 
a further limitation of the parameter range between t 1 and t 2 in which the 
incident rays are reflected onto the collector. This consideration is 
necessary only for the cases I = 1 and I = 3. The possible new parameter 
values are obtained by determination of tangents of the caustic passing 
through the point S. In detail, the following values are obtained depending 
on the position of the point S {ranges 1 to 5): 
0 A 
Fig. 15 
.H 
~/ 
/ 
/ 
~R ! 
/ 
j 
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s in range 1): t 1 = RT(S,r); t 2 unchanged (Fig. 15) 
s in range 2): t 1 = RT(S,r); LT(S,r) 
s in range 3): t 1 and t 2 coincide, i.e. no reflection 
s in range 4): t 1 unchanged; t 2 = LT(S,r) 
s in rang.e 5) : t 1 and t 2 unchanged. 
The ranges 1) to 5) are now redetermined with the new values for t 1, t 2. 
3.7 Determination of flux 
·, 
! 
l 
'""-, . '11 
""'-· i 1~<, 
If all rays hitting the reflector between t 1 and t 2 are reflected to the 
collector, the flux is proportional to the width E(tl't2) = r!cos t 1 - cos t 21. 
This case will not always prevail; it will rather depend on the position 
of the collector with respect to the reflector. As can easily be seen from 
the sketch, everything depends on the fact in which of the ranges 1) to 5) 
the initial and end points of the collector are located. Therefore, at 
first, the intersection points s1 of the limiting tangents through t 1 and 
t 2 with the straight line of the collector are determined, the straight 
line being described parametrically by X = A + s {B-A}. The points of the 
collector correspond to the parameter values s between 0 and 1. 
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The required points of intersection are given by 
r cos ti + b2 sin 2ti - b1 cos 2ti 
si = {a1-61) cos 2t; - {a2-62) sin 2t; {i = 1•2) 
If the absolute value of the denominator is very small, e.g. smaller than a 
given number a, tangent and collector are nearly in parallel, and we put 
s; = -1. Investigating such possible collector positions, one has to con-
sider that the reflected rays may only hit the collector from below. This 
brings a limitation of the reasonable possibilities. If, for instance, both 
intersection points lie on the collector (0 < s1, s2 < 1), B can only be 
situated in range 5) and A only in 2) or 3). If B in l} and A in 4), for 
instance, the reflected rays would hit the upper side. We determine the 
reasonable cases. 
1) 0 ~ s1, s 2 ~1, i.e. both intersections lie on the collector. B can only 
be located in 5). If then A lies in 3), the value of the flux is 
e: = E ( t l' t 2 ) • 
If Ais in 2), it is tobe seen from Fig. 16 that e: consists of two 
parts, e: = E(t1,RT(A,r))+ E(LT(A,r),t2}. 
Fig. 16 
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2) Only one intersection point on the collector: 
a) lf B is in 1), one gets for A in 2) 
e = E(RT(B,r), RT(A,r)) + E(LT(A,r), t 2) 
and for A in 3) 
e = E(RT(B,r), t 2 ) (Fig. 17) . 
b) If B is in 4), one gets for A in 2) 
e = E(t1, RT(A,r)) + E(LT(A,r), LT(B,r)) 
and for A in 3) 
e = E(t1, LT(B,r)) . 
CJ lf B is in 5) one gets for A in 1) 
e = E(t1, RT(A,r)) 
and for A in 4) 
e = E(LT(A,r), t2) 
--
--
'\ 
--'\ 
1 ' 1 
---~. LT(A) 
-tl. 
_./ 
/ R7f~) 
.1 
l 
/ 
·t-
' 
t 
! 
i 
; 
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3) Both intersection points outside the collector: 
a) If B in 1), then 
b) If B in 2), then 
for A in 2) 
and for A in 3) 
e = E{RT{B,r), RT(A,r)) 
e = E{RT{B,r), RT{A~r)) + E(LT{A,r), LT{B,r)) 
e = E{RT(B,r), LT(A,r)) 
c) lf B in 3) or 5), then e = 0 
d) lf B in 4), then e = E(LT{A,r), LT(B,r)) • 
E(p,k) is always an abbrevation for r coslp - cos kl 
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4. FLUX PER UNIT AREA 
Till now we only investigated the total flux impinging on the underside of 
the collector. To avoid too large temperature variations over the collector 
the flux per unit area has to be considered~ 
We assume the curve of the reflector to have all mathematical properties 
which are necessary for the following considerations (The notations are 
shown in Fig. 18 
ß 
/ 
( 
Fi g. 18 
A 
p is a unit vector in the direction of the collector. The curve of the re-
flector is represented as t = t{s) with the arc length s as parameter. t is 
a unit vector in the direction of the incoming sun rays, the tangent ~ and 
n normal to r = r{s) describe a local coordinate system in the point s. 
Every point of the reflector corresponds with a point x on the collector 
where the ray reflected in s hits the collector. This correspondence can be 
written as a mapping x = f{s). To construct this mapping we decompose the 
~ 
vector I< as 
From Fig. 18 it follows 
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Scalar multiplicatfön with ki~ + k1it yields 
X = f(s) = 
++ ++ k2(r·T) + k1(r•n) 
++ ++ k2(P•T) + k1(p•n) 
= 
Since we have expressed f(s) as a combination of scalar products, this .· 
mapping is invariant with respect to linear transformations, i.e. changes 
of the coordinate system. 
After these general considerations we can calculate the flux per unit area 
P(x). With the notations of Fig. 19 we have 
ßE = (I·n)ßs = p(X)ßX 
p(x) = (I·it) ß~ 
ßS 
~ 
,/ ·"aF / . 
/ ' / "'· I ')/ 
and as limit for ßS + 0 
t:;t 
p(X) = f'(s) 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
Fig. 19 
We now apply this result to the special case, where the reflector has the 
shape of a circular arc given by 
t(t) = M+r [cos(t+T), -sin(t+T)] 
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Since here the parameter t is different from the arc length, the formula 
for p(s) must be modified to 
t-1i 
p(X) = df dt 
(ff • Os 
To construct the mapping x = f(t) we need the vectors 
t=(cos1<:,sin1<:J, p = ( 1,0 J 
' 
t = [ -sin(t+T), -cos(t+T)) , 
and the scalar products 
n = [ -COS(t+T), Sin(t+T)] 
t.t = -sin(t+T+K) 
' 
t.1i = -cos(t+T+K) , 
Then we have 
yMcos(2{t+T)+1<:) + r sin{t+T+K) 
x = f(t) = xM + sin(2(t+T)+1<:) 
and for the derivative 
d r[cos{t+T+1<:)sin{2(t+T)+1<:) - 2 sin(t+T+i<:)cos{2{t+T)+1<:)] - 2yM 
cff = 
sin (2(t+T)+1<:) 
For the circle the relation between the parameters s and t is s = rt , 
and the derivative is ~ = ~ • 
Inserting all this into the formula for p, we arrive at 
p(x) = -r cos(t+T+1<:)sin2(2(t+T)+i<:) 
r[cos{t+T+1<:)sin{2{t+T)+1<:) - 2 sin(t+T+ic)cos{2(t+T)+KJ - 2yM 
x is the coordinate on the collector, t the parameter on the circular 
reflector. 
. 
' 
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5. AN EXAMPLE 
As an example for the previously outlined method of solution we look for 
the "best" reflector consisting of two circular arcs. 
' 
\. 1 rl 
1 
. 
1 
. 
l 
is 
, 
The notations are as in the illustration; d = 2; A = (1,0} and B = (-1,0} 
are the endpoints of the collector; the right circular arc is uniquely 
determined by the centre M and the endpoints R and S. S is also the point 
of symmetry of the reflector. The heigth d being fixed by the condition 
that the reflector touches the ground, we search for the parameters corres-
pondinges to given Ys and Yr· 
At first, we derive an auxiliary quantity h: 
h = 
The parameters of the reflector are 
YM - YR 
TR = arctan x _ x 
R M 
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Now we can assign the input matrices DR, DL; of course, we have to take 
care that the angular parameter of the circular arc does not exceed .,Z ; 
eventually we must describe such a segment by two matrix rows. 
We distinguish 3 cases: 
1) 
Here DR and DL are · 
2) with /J. = 0,05 
To avoid numerical difficulties,this case is excluded. 
3} 1T 'Z + /J. < 1T - T - T L R 
The matrices are in this case 
( XM' YM' r, TR' 0, Z' 0 ) DR = 
XM' yM, r, 1T 0 TR' 'Z' ir-Tl -TR' 
(-xM' YM' r, TL, 0, .z 0 ) DL = 
-xM' YM' r, 1T 0 TL, 'Z' ir-TL -TR' 
On the following pages the results of our computations are shown for 3 ' 
examples. For each example there are on.e table and two illustrations. The 
parameters for the examples can be found in the illustrations. The values 
on the next table, for instance, are as follows: 
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For every pair yR, y5, the quantity y is computed for 51 v_alues ?f the 
angle of incidence from the range of 30° to 90° and then averaged over 
this range. For yR = -0.54, Ys = -1.7 we .find in the table :Y = 0.51. lt 
means that in the average 51 % of the rays falling to the reflector.are 
. . 
refl ected to the eo 11 ector. Therefore, for some va l ues of ic:, y i s higher, 
for some ic: it is lower. 
The variation of y over the angle range is shown in the first illustration 
for the optimum reflector with yR = -0.619, Ys = -1. 734. Obviously, .y 
varies between 40 and 58 %. The values yR and Ys for the optimum reflector 
are found as the result of a two-dimensional maximization. The method don-
sists of 20 Monte-Carlo trials to find a rough approximation, and a gra-
dient method to improve this value. This procedure seems lengthy, but it 
takes only 0,5 sec of CPU-time on an IBM 370-168. Another infonnation to 
be drawn from the table is the sensitivity of y against variation of Ys 
and yR; the sensivity is much less with respect to yR than with Ys· 
The second illustration shows the flux per unit area. Since for the con-
sidered type of collector a "parabola effect", i.e. a large variation of 
the density over the area, is undesirable, this picture gives an important 
information. Though the third example gives the largest value of 87 % for · 
the average y, the corresponding reflector is useless because of the ex-
treme variations of the density. The reflectors of the first and second 
example are both realistic. 
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Efficiency y„ averaged over the angle range 30° - 90°, as a function of yR and Ys (xR=3, d=t2}. 
The maximum efficiency occurs for YR = -0.619783 Ys = -1.731419 
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Efficiency y as a function of the angle of incidence for the 
reflector with optimal parameter values yR = -0.619783 , Ys = -1.731419 
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Flux per unit area on the collector as a function of the 
angle of incidence for the reflector with optimal parameter values 
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Efficiency y, averaged over the angle range 60° - 90°, as a function of yR and Ys (xR=3, d=-2) 
The maximum efficiency occurs for YR = -1.029510 Ys = -1.881886 
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reflector with optimal parameter values yR = -1.029510 , Ys z -1.881886 
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Flux per unit area on the collector as a function of the 
angle of incidence for the reflector with optimal parameter values 
YR = -1.029510 , Ys = -1.881886 
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Efficiency y, averaged over the angle range 75° - 90°, as a function of yR and Ys (xR=3, d=-2). 
The maximum efficiency occurs for YR =-1.071064 Ys = -1.983659 
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Efficiency y as a function of the angle of incidence for the 
reflector with optimal parameter values yR =-1.071064 , Ys = -1.983659 
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